New positivity bounds are derived for generalized (off-forward) parton distributions using the impact parameter representation. These inequalities are stable under the evolution to higher normalization points. The full set of inequalities is infinite. Several particular cases are considered explicitly.
General form of the positivity bounds on GPDs
Generalized parton distributions (GPDs) [1, 2, 3, 4, 5] also known as off-forward, skewed, nondiagonal etc. appear in the QCD description of various hard processes e.g. deeply virtual Compton scattering and hard exclusive meson production. Our knowledge about GPDs is poor and any additional theoretical information is of value. From this point of view the positivity bounds are rather important.
GPDs are defined in terms of matrix elements
P1i1,P2i2 (x 1 , x 2 ) = P 2 , i 2 |φ † α2 (x 2 ) φ α1 (x 1 ) |P 1 , i 1
Here |P k , i k is a hadron state (with momentum P k and spin/isospin indices i k ) and the field φ α k (x k ) describes the annihilation of a parton with momentum fraction x k and with spin/isospin labeled by α k . The vacuum subtraction term in the rhs of (1) can be ignored in practical applications of GPDs with P 1 = P 2 but this term is important in the derivation of the positivity constraints on GPDs.
The positivity of the norm in the Hilbert space of states
leads to the inequality
The integration over x 1,2 is restricted to the positive region where the vacuum term vanishes in the rhs of (1) so that its subtraction does not violate the positivity. Strictly speaking the above expressions have to be written more carefully: one has to factor out the delta function corresponding to the momentum conservation, in the case of the gauge theories the P exponential should be inserted between parton fields, certain conventions have to be chosen concerning the normalization of the momentum fractions x 1 , x 2 etc. Various positivity inequalities for GPDs corresponding to specific choices of the function f iα (x, P ) have been already discussed in literature [6, 7, 8, 9, 10, 11, 12, 13] . The aim of this paper is to analyze inequality (3) with arbitrary functions f iα (x, P ).
Positivity bounds and evolution
It is well known that in the case of forward parton distributions the probabilistic interpretation of the one-loop DGLAP evolution [14, 15, 16] leads to the stability of the positivity properties under the one-loop evolution to higher normalization points. The generalization of this property for some particular positivity bounds for GPDs was considered in ref. [8] . Let us show how the argument of ref. [8] can be modified in order to show that if at some normalization point inequality (3) holds for all functions f iα (x, P ) then after the one-loop evolution
to a higher normalization point inequality (3) is still valid for all f iα (x, P ). First one notices that the one-loop evolution kernels K α1α2 β1β2 (x 1 , x 2 ; y 1 , y 2 ) for GPDs can be interpreted as parton-in-parton GPDs. For parton-in-parton GPDs one can repeat the derivation of the inequality (3) arriving at the following inequality holding for any function h αβ (x, y)
Here we separate x k and y k by an infinitesimal positive number ε in order to exclude the virtual terms proportional to δ(x 1 − y 1 )δ(x 2 − y 2 ) which give a negative contribution to the kernel K α1α2 β1β2 (x 1 , x 2 ; y 1 , y 2 ). If one ignores these terms then the stability of the positivity bound (3) with respect to the evolution upwards is a consequence of the property (5) of the one-loop evolution kernel. The last step is to notice that after the inclusion of the virtual terms proportional to δ(x 1 − y 1 )δ(x 2 − y 2 ) in the evolution equation, the positivity is still preserved under the evolution upwards. One can use the same argument as in the case of the forward distributions: if at some "critical point" µ inequality (3) is saturated and becomes an equality for some function f iα (x, P ) then at this point the virtual terms proportional δ(x 1 −y 1 )δ(x 2 −y 2 ) do not contribute to the evolution of the lhs of (3) so that at higher µ the positivity is again restored by the positive part of the evolution kernel.
Positivity bounds in the impact parameter representation
The positivity bound (3) contains a multidimensional integral in the lhs and this form is not quite convenient for practical applications. Turning to the impact parameter representation one can simplify this inequality. Let us show how this can be done for quark GPDs. The generalization for gluons is straightforward. Let us introduce a light-cone vector n and define the light-cone coordinates so that (nX) = X + for any 4-vector X. Below for simplicity we shall restrict our analysis to the case of "unpolarized" GPDs defined in terms of the matrix elements of the operatorψ(nγ)ψ
The structure of the rhs is fixed by the Lorentz invariance. In the frame where P
one can recognize the standard variables x, ξ, ∆ ⊥ [9] among the arguments of the spin matrix F σ2σ1 in the rhs of (6). Let us insert eq. (6) into the positivity condition (3) and turn to the impact parameter representatioñ
Using a factorized ansatz for the function f i1α1 (x 1 , P 1 ) one can reduce inequality (3) to the following relatively simple form
This inequality should be valid for any function p (originating from the factorized ansatz for f i1α1 (x 1 , P 1 )) and for any value of parameter b ⊥ if one wants the original inequality (3) to hold for arbitrary f i1α1 (x 1 , P 1 ).
For hadrons with spin 0 (e.g. pions) we define GPD as follows
and for hadrons with spin 1/2 we use the standard notation of X. Ji [9] 
where
Here we assume the normalization condition n(P 1 +P 2 ) = 2. Note that we could not impose this condition earlier since P 1 and P 2 were integration variables in (3). We also follow the standard convention that the transverse coordinates are orthogonal to both n and P 1 + P 2 . The Lorentz invariant squared momentum transfer t ≡ ∆ 2 < 0 can be expressed in terms of the transverse part
In the case of spin-0 hadrons the function F σ2σ1 appearing in (8) is related to GPD q in (9) as follows
In the case of spin 1/2-hadrons we have
where the arguments x, ξ and t (12) are assumed for H and E in the rhs. Inequality (8) is our main result. Combining the expressions for F σ2σ1 in terms of GPDs (13) , (14) with the impact parameter representation (7) and inserting the result into (8) one can obtain the explicit form of the inequalities for GPDs q, H, E.
